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From the double-exchange Hamiltonian with classical localized spins in the limit of large but
finit Hund exchange coupling we obtain the t− J model (with classical localized spins).
The Hamiltonian of the DE model [1–3] is
H = −JH
∑
nαβ
mn · σαβc
†
nαcnβ −
∑
nn′α
tnn′c
†
nαcnα, (1)
where tn−n′ is the electron hopping, JH is the effective
Hund exchange coupling between a core spin and a con-
duction electron, σˆ is the vector of the Pauli matrices,
and α, β are spin indices. We express the localized (classi-
cal) spin by a unit vector whose orientation is determined
by polar angle θ and azimuthal angle φ. In a single elec-
tron representation the Hamiltonian can be presented as
Hnn′ = H
ex +Hkin = −JHmn · σδnn′ − tnn′ . (2)
We consider the case of strong exchange: JH ≫W where
W is the electron band width. In this case we should fist
diagonalize the exchange part of the Hamiltonian. This is
done by choosing local spin quantization axis on each site
in the direction of m. In this representation Hamiltonian
is [4]
Hnn′ = −JHσ
zδnn′ − tnn′
(
ann′ bnn′
b∗n′n an′n
)
, (3)
where
ann′ = cos
θn
2
cos
θn′
2
+ sin
θn
2
sin
θn′
2
ei(φn′−φn)
bnn′ = sin
θn
2
cos
θn′
2
e−iφn − cos
θn
2
sin
θn′
2
e−iφn′ . (4)
The transformation to local spin quantization axis in-
cluding an additional Euler rotation angle, which leads
to a more involved effective Hamiltonian than 3, was in-
troduced by Nagaev [5].
The next step, like it is done in the derivation of the
t − J model from the Hubbard model [6], is to apply a
canonical transformation
H → H˜ = eSHe−S = H + [S,H ] +
1
2
[S[S,H ]] + . . . (5)
which excludes all band-to-band transitions. This can be
achieved if we chose the operator S in the form
Snn′ =
tnn′
2JH
(
ann′ bnn′
−b∗n′n an′n
)
. (6)
We have
[S,Hex]nn′ = tnn′
(
0 bnn′
b∗n′n 0
)
[S, [S,Hex]]nn = 2Jnn′
(
−|bnn′ |
2 0
0 |bnn′ |
2
)
, (7)
where Jnn′ = |tnn′ |
2/(2JH). Keeping terms up to the
second order with respect to t (and only site-diagonal
part of the second order terms) we obtain
H˜nn′ = −JHσ
zδnn′ − tnn′
(
ann′ 0
0 an′n
)
(8)
+
∑
n′′
Jnn′′(mn ·mn′′ − 1)σ
zδnn′ , (9)
In the second quantization form the Hamiltonian (8)
has the form (ignoring the constant term)
H˜ = −
∑
nn′
tnn′an′nd
†
ndn′ +
∑
nn′
Jnn′mn ·mn′(1− d
†
ndn), (10)
where for the case of hole doping d†(d) is the operator
of creation (annihilation) of the hole, and for the case of
electron doping it is the operator of creation (annihila-
tion) of the electron.
Looking at the Hamiltonian obtained, we see that large
but finite Hund exchange dynamically generates anti-
ferromagnetic exchange (the second term in Eq. (10).
This term, however, is not independent upon the elec-
tron (hole) subsystem. In this regard this Heisenberg like
term resembles the first non-Heisenbergian term (kinetic
exchange).
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